We introduce a scale-dependent effective action defined through a partial Legendre transform first discussed by Zumino more than 30 years ago. This new effective action depends, at any scale, on all degrees of freedom, is gauge-invariant/general-covariant, and obeys a simple, exact and manifestly gauge-invariant RG-flow equation. It should be useful in a variety of problems, including some pertaining to non-abelian gauge theories and quantum gravity.
The idea of renormalization, originally introduced to remove infinities from perturbative calculations, has evolved into a powerful tool that helps us to understand the global behaviour of quantum and statistical field theories under the change of the observation scale [1, 2] . This so-called renormalizationgroup (RG) approach has been implemented in different ways and frameworks.
In particle physics one typically introduces the running coupling constants λ n (µ), with the help of the Green functions. The RG equations are derived by requiring the independence of the latter on the observation scale µ (subtraction point). The solutions to these equations divide the terms in the lagrangian into relevant, marginal, and irrelevant ones, thus providing an explanation (at least within the framework of perturbation theory) for the old renormalizability principle: irrelevant operators give negligible contributions to physical quantities.
In statistical field theory, a physical cutoff is usually provided by the lattice spacing between the atoms of the physical system under consideration. Starting with the microscopic theory, a coarse-grained hamiltonian is obtained with the help of the blocking transformation [1, 3] , and this defines the evolution of the coupling constants as a function of the cutoff, i.e. the RG equations. In the framework of critical phenomena, this approach is usually applied to calculate critical exponents.
The search for new non-perturbative methods to handle problems out of the reach of perturbation theory has prompted in recent years growing and renewed interest [4, 5, 6, 7, 8] in the "old" subject [1, 9] of "exact" renormalization group equations. One typically defines a scale-dependent effective action Γ k , which interpolates between the classical (bare) action S at k = Λ (the UV cutoff) and the effective action Γ at k = 0, where the free term is modified by the introduction of a "cutoff" function that effectively cuts momenta around the scale k. By requiring the k-independence of the Green functions generating functional Z[J], the RG equation is then obtained as a differential equation for Γ k as a function of k.
There are two drawbacks to this approach, both related to the introduction of a cutoff function in the lagrangian. One is that the propagators are ill-defined in the region where this function vanishes, the other that its presence is difficult to handle in theories with a gauge symmetry. One could think that these difficulties could be avoided by employing Schwinger-Dyson equations directly. It should be noted, however, that these equations involve all scales k at once, and this essentially precludes any attempt at a solution.
In this letter we define a new scale-dependent effective action by considering a generalization of the effective action introduced in [10] (for a discussion see [11] ). As in the previous formulations [4, 5, 6, 7, 8] , our Γ k interpolates between the classical action at k = Λ and the effective action at k = 0. However, the flow is realized not through a change in the cutoff function, as is the case for the references quoted above, but through a step-by-step procedure in the spirit of the original Wilson program of a direct successive elimination of degrees of freedom (as in [9] , where a RG equation for the wilsonian action was obtained). At each step quantum degrees of freedom are integrated out within an infinitesimal shell, and transformed into the argument (the classical field) of the one-particle irreducible (1PI) effective action.
Our equation avoids the previous drawbacks. It does not introduce any arbitrary cutoff function (defining the flow) in the action and, even more important, it allows for a straightforward application to gauge theories. An example for the Einstein-Hilbert action with the cosmological constant will be presented in a forthcoming publication [12] .
Let us define now our scale-dependent effective action Γ k , by considering for simplicity a single-component scalar field theory to illustrate the procedure. If Λ is the UV cutoff, we introduce the notation φ 
where
Applying the partial Legendre transform formalism of [10] to our case, we now couple the high-frequency field to an arbitrary source J Λ k (x) (that also contains only modes in the range [k, Λ]), and define a generating functional W k for the connected Green functions of the field φ Λ k (x) (summation over modes and/or integration over space being understood):
As is clear from its definition, W k is a functional of J Λ k (x) as well as of the lowfrequency field ϕ k 0 (x). Note that we use a different notation for the "quantum field" we are integrating over in (2) and for the "classical" low-frequency field appearing there as an external set of parameters. For reasons that will soon become clear, we shall use instead the same notation for the latter field and for the "classical field" for high-frequency modes ϕ Λ k (x) defined through the standard Legendre transform:
Obviously, as it is the case for
contains only modes between k and Λ. Note that the relation between ϕ and J depends on k since it involves W k . Such an explicit dependence on k will always be understood hereafter. Moreover, when it can be inverted, the relation (
, and we can introduce the k-dependent 1PI effective action Γ k as :
so that, as usual,
Other useful identities for the partial Legendre transform can be found in Appendix B of [11] . We note, in particular, those to be used in the following (matrix multiplication implied):
From Eqs. (2), (4) and (5) above, we easily get :
The above definition of a scale-dependent effective action looks very natural. Moreover, as we have already said, it interpolates between the classical action and the quantum effective actions since, clearly, Γ Λ = S[φ Using the definitions and separating out the integration over the extra "shell" of momenta [k − δk, k], we find :
[Dφ s ]e δΓ k−δk δϕs
where, for notational simplicity, we have defined φ s = φ k k−δk (and similarly for ϕ) whileJ
In generalJ 
where the dots stand for higher derivative terms that will be argued to be irrelevant to leading order in δk.
Using the fact thatJ − J = O(δk), we now drop terms that are of order (δk) 2 and express all others in terms of Γ k and its derivatives using eqs. (5), (6) and (7). We thus arrive at:
where the kernel K ss k is given by
Inserting finally the above result into Eq. (9) we get, after some welcome cancellations, 
Note that we are now left with a gaussian integral provided terms O((φ s − ϕ s )
3 ) (indicated by the dots) and higher can be shown to give higher orders in δk. This can be easily argued to be the case following the classic arguments of [9] . Furthermore, by completing the square, we only generate contributions O((δk)
2 ). The conclusion is that the only difference between Γ k and Γ k−δk (evaluated at the same values of their arguments) consists, to O(δk), of just a determinant, i.e.
Equation (15) is the main result of this letter. It extends a rather obvious one-loop result, since the determinant appearing in (15) is just what is needed to convert the determinant of the matrix
into the corresponding one extended to include the shell. Indeed, Eq. (15) generalizes such a one-loop result to the following formula:
It is instructive to compare the functional-integral derivation of (15) with the following diagrammatic argument (referring to [12] for more details). Let us regard momentum (or a more convenient eigenvalue, see below) as a kind of flavour and, for a given k, let us distinguish, in the Feynman diagrams, lines corresponding to momenta below, inside, and above the shell [k − δk, k].
Let us also discretize momentum and denote by N the total number of eigenvalues (below Λ, of course) and by δN their number in the shell. A simple large-N counting shows that, in order for loops to make sense for N ≫ 1, the n-particle 1PI vertex function Γ (n) k should be of order N −(n−2)/2 . Such a scaling is preserved by the perturbative loop expansion.
Consider now integrating over momenta in the shell and extracting terms of order δN/N ≪ 1. It is easy to see that the only contributions of this order are one-loop diagrams with φ s -propagators circulating in the loop. However, the vertices to which each pair of adjacent φ s -propagators attach are not just given by the 1PI pieces δ 2 Γ k δϕsδϕs , but have also a contribution from diagrams that are 1P reducible with respect to cutting a high-momentum propagator. Such diagrams are, of course, not in Γ k , but they contribute to Γ k−δk since the φ s -loop makes them 1PI. This (admittedly more heuristic) reasoning leads precisely to Eq. (15) .
In order to obtain a simple RG-flow equation it is most convenient to work in the space of eigenvectors and eigenvalues of the matrix
in which case we can drop the mixed derivative terms in (15) and write down immediately the very simple RG equation for Γ k :
where the prime means that the trace acts also on a projector onto the shell.
In this simplified formula one should, however, take into account that the spectrum of the matrix may change with k. Let us make a few remarks:
• It is quite clear now that the "correct" definition of modes, in our context, is not that of Fourier modes but rather the one related to the eigenfunctions of the operator
. Clearly, all the steps in our derivation go through as well.
• The determinant of the above-mentioned operator is a gauge-invariant object, provided one follows the strategy of Vilkovisky [13] for defining the so-called unique (gauge-invariant) effective action. The approach of [13] has only been discussed, as far as we know, at one loop. Fortunately, this is all we need for our exact RG equation.
• Finally the projector onto the shell is also a gauge-invariant concept.
Technically speaking, what saves covariance in our formulation is the fact that the projector stays under the Tr but outside the ln, while, in other formulations, the quantity under the ln is affected by a cut-off function playing the role of the projector, but unfortunately breaking gauge invariance (see, however, [14] and [15] for interesting attempts to circumvent this problem).
Concerning the physical applications of our new equation, one can think of several. The exact equation could possibly be used in numerical simulations. For analytic work, however, one will necessarily have to resort to some form of truncation of Γ k , typically to a (gauge-invariant) derivative expansion. In this way our exact equation becomes an approximate RG-flow equation for a finite set of low-energy parameters. As an example, we shall consider elsewhere [12] an application to the low-energy quantum-gravity effective action in order to study the evolution of the Newton and cosmological constants towards the infrared region. Hopefully, this will offer some hint towards explaining the huge experimental hierarchy between these two fundamental physical constants.
